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^^ ' We study the canonical quantization of the damped harmonic oscillator by resorting 

^D ■ to the realization of the q-deformation of the Wheyl-Heisenberg algebra (q-WH) in 

(^ i terms of finite difference operators. We relate the damped oscillator hamiltonian to 

Mh' the q-WH algebra and to the squeezing generator of coherent states theory. We also 

^^ ■ show that the q-WH algebra is the natural candidate to study thermal field theory. 

j^ , The well known splitting, in the infinite volume limit, of the space of physical states 

into unitarily inequivalent representations of the canonical commutation relations 

is briefly commented upon in relation with the von Neumann theorem in quantum 

mechanics and with q-WH algebra. 
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Abstract 



In recent years much attention has been devoted to quantum deformations |I|,[0 of Lie 

algebras in view of their great physical interest. It has been recognized that q- 

deformations appear whenever a discrete (space or time) length characterizes the system 

under study. 

In this report we present recent results which relate the hamiltonian of the damped 

harmonic oscillator (dho) to the q-WH algebra 0] and to the squeezing generator for 

coherent states (CS)|^. We also discuss the relation of q-WH algebra with thermal field 

theory. 

In refs. 5-7 some aspects of dissipation in quantum field theory (QFT) have been studied 

by considering the canonical quantization of dho 

mz + ^z + Kz = (1) 

and it has been proven that the space of the physical states splits into unitarily inequiv- 
alent representations of the canonical commutation relations (ccr). Also, it has been 
realized that canonical quantization of the dho leads to SU{1, 1) time- dependent CS, 
which are well known in high energy physics as well as in quantum optics and thermal 
field theories. Moreover, dissipation phenomena and squeezed CS have been mathemat- 
ically related, thus showing their common physical features]^. 

The hamiltonian describing an (infinite) collection of damped harmonic oscillators, is[Q 
H = Hq + Til where 

no = Y.^n^{^iA,-BiB^) and Hi = lY^hTMlBl- A^B^) (2) 

K K 

where k labels the field degrees of freedom, e.g. spatial momentum. As usual in QFT, we 
work at finite volume V and perform at the end of the computations the limit V ^ cxd. 
As well known, in order to set up the canonical formalism for a dissipative system, the 
doubling of the degrees of freedom is required; thus the system A is "doubled" by the 
system B in Eq. (2). The commutation relations are: 

[A,,4] = 5.,A = [i?«,Sl] ; [A„i?l] = 0=[A.,i?A] (3) 

The group structure is (^ ^[/(l, !)«. We have [TiQ^Tii] = and the ground state is 
(formally, at finite volume V) 

low >= n eoshV.t) '^P (tanh(r.t)ji'^))|0 > (4) 

with /^^ = AIbI Moreover, < 0(t)|0(t) >= 1 , Vt , and 

<0(t)|0>=exp[-5]lncosh(r^t) J (5) 



which shows how, provided X^k ^k > 0, 

hm <0(t)|0 >oc hmexp(-ty r^) = (6) 



t-^OO t^OO 



Using the customary continuous hmit relation Y,k *~^ 72^ Jd'^f^i ^^ the infinite- volume 
limit we have (for Jd^K, F^ finite and positive) 

<0(t)|0>^0 as y^oo Vt , < 0(t)|0(t') >^0 as F ^ 00 V t and t' , t' y^ t 

(7) 
Time-evolution transformations for creation and annihilation operators are 

A, ^ A(t) = e-^^^M^e^t^^ = A cosh (TJ) - B^ sinh (r«t) 

(8) 

B, ^ B,{t) = e-'-^'^^B^S'^' = -Ai sinh (V^t) + B, cosh iV^t) 

and their hermitian conjugates. They can be implemented for every k, as inner automor- 
phism for the algebra sm(1,1)k. Such an automorphism is nothing but the well known 
Bogolubov transformations. The transformations (8) are canonical, as they preserve the 
ccr (3). In other words, at every time t we have a copy {A^it) , A^^{t) , B^it), B],{t) ; |0(t) > 
I Vk} of the original algebra and of its highest weight vector {A,^, A],, B,^, Bj.; |0 > | V/t}, 
induced by the time evolution operator (i.e we have a bona fide quantum realization of the 
operator algebra at each time t, which can be implemented by Gel'fand-Naimark-Segal 
construction in the C*-algebra formalism). The time evolution operator can therefore be 
thought of as a generator of the group of automorphisms of 0^5^(1, 1)^ parametrized 
by time t. 

Let us point out that the various copies become unitarily inequivalent in the infinite- 
volume limit, as shown by Eqs.(7). 

One can easily verify that Af,{t)\0{t) >= = B^{t)\0{t) > , for all t. 

The commutativity of TYq with Tij ensures that under time evolution the number {ua^ — ns^ 
is a constant of motion for any n. The number of modes A^ is given, at each instant t, 
by 

Aa. =< 0(t)|4A|0(t) >= smh\T^t) (9) 

and similarly for the modes B^. 
Moreover, 



■^-'"|«w> = ^ShW^-'°<'*"=5tahb) ''-'"'''" 



«i'"i«w> = ^ShW)^"i°w>=sjrW-'"'"">* 



(10) 



Eq. (4) shows that |0(t) > is a two-mode Glauber coherent state with equal numbers of 
modes A^ and !?« condensed in it for each k and each t. Eqs. (10) show that the creation 



of a mode A^ is equivalent to the destruction of a mode B^ and vice-versa. This leads 
us to interpreting the S^ modes as the holes for the modes A,^, and thus the 5-system 
can be considered as the sink where the energy dissipated by the A-system flows. 
We turn now our attention to the realization of q-WH algebra in terms of finite difference 
operators 0] in order to establish a formal relation with the dho hamiltonian. 
Since we want to preserve the analytic properties of Lie algebra in the deformation pro- 
cedure, we adopt as a framework the Fock-Bargmann representation (FBR) in Quantum 
Mechanics (QM)[Q (we observe that, by working in the FBR, q-WH algebra is incor- 
porated into the theory of the (entire) analytical functions, a result which is by itself 
interesting). 

The quantum version of the WH algebra [a, a''"] = I , [A^, a] = —a , [A^, a"!"] = a''", is realized 
in terms of the operators {og, a^, N\ q E C}, with relations 

[iV, aq] = -aq , [A^, CLq] = dq , [Og, CLq] = ttqCLq - dqttq = q^ (11) 

The FBR operators, solution of the WH commutation relations are A^ — »• z-^ , a) -^ 
z ,a ^ -^ . The Hilbert space JF is identified with the space of the entire analytic 
functions and wave functions ipi^z) are expressed as ip{z) = Y^'^=q CnUn{z) ,Un{z) = 
^=f , {n G X+). The set {un{z)} provides an orthonormal basis in JF. The realization 
of Eqs.(ll) in the space JF is obtained as: 

A^ -^ Z—, dq ^ Z , ttq ^ Vq (12) 

with z E C and the finite difference operator Vg defined by: 

with f E J-" ,q = e'^, ( E C. T>q is the well known q-derivative operator and, for g ^ 1 
(i.e. C ^ 0)) it reduces to the standard derivative. Note that dq = dq=i = a"'' and 
linig^i ttq = a. We can show that commutator [aq, dq] acts in JF as follows]^ 

[aq,dq]f{z) = q^^fiz) = f{qz) (14) 

The q-deformation of the WH algebra is thus strictly related with the finite difference 

operator Dq {q ^ 1). This suggests to us that the q-deformation of the operator algebra 

should arise whenever we are in the presence of lattice or discrete structure. 

Next, we show that the commutator [0^,0^] acts as squeezing generator, a result which 

confirms the conjecture by which q-groups are the natural candidates to study the 

squeezed CS[|]. 

In the Hilbert space JF let us consider the harmonic oscillator hamiltonian 

H = hu;[a^a + -) (15) 



a = ^=={y^uz+^), a^ = ^— {^frnwz ^), \a,a^\=\ (16) 

where z eC,Pz = — "^^^ and [z,P;,] = iTi. We have 2z-£f{z) = {a'^ — a'<'^)f{z) — f{z), f G 
JF , and on any state ip{z) 



[aq,ag]V'(z) = exp[Cz—ji^{z) = — exp(^-(a - a^ )jV'(^) 

with q = e'', "08(2;) denoting the squeezed state and S{() the squeezing generator. 
We thus conclude that ( = log q plays the role of the squeezing parameter and the 
commutator [a^, cig] is, up to a factor, the squeezing generator with respect to the a and 
a'l" operators: 

^/q[ag,ag] = S{C) = exp (-{a'^ - a^^U (18) 

On the other hand we also observe that the right hand side of (18) is an SU{1, 1) group 

element. In fact by defining |a^ = K^, |q;'I"^ = K+, ^{a'^a + ^) = K^ = ^^H, we easily 

check they close the su{l, 1) algebra. 

Let us now observe that the operator ^/q[aq,ac^ = S{Q generates the Bogolubov 

transformations 

a(C) = S{C)'^aS{C) = a cosh C - a^ sinh C (19) 

and h.c. By inverting Eqs.(16) and by using Eq.(19) we obtain 

z{0 = zoexp{-0 (20) 

By setting ( = ^t = Tt, from the squeezed z{(), Eq.(20), we obtain the damped 
amplitude of the classical dho with motion equation (1). 

Summarizing, in quantizing the dho, Eq.(l), one may proceede as follows: start by 
considering the classical harmonic oscillator equation 

mz + K,z = (21) 

Quantize it in the standard way by introducing the creation and annihilation operators 
(cf. Eqs.(16)). Next, introduce the q-deformation of the WH algebra in FBR and the 
associated S{() operator as in Eq.(18), with ( = ^t = Tt . <S{() is thus the time 
evolution generator of the quantized dho a(t) (cf. the Bogolubov transformations (19), 
see also Eqs.(8)). Finally, introduce the shifted frequency Q'^ = ^ — ^^ for the damped 
solution. 

The finite life-time r = ^, which characterizes the damping, acts as discrete time- length 
for the system (time-energy uncertainty relation implies At > i) and thus requires 
the use of the q-WH algebra according to the above conclusions on the occurrence of 
q-deformations in the presence of a finite (time) length. 



To see the relation with the QFT hamiltonian, eq.(2), we label with n the operators a 
and a\ the decay constant F and other appropriate quantities and introduce convenient 
summations over k in the exponentials. Then, we introduce the "doubled" degree of 
freedom j3^ (commuting with a^)- The corresponding q-WH algebra for 6^,^' operators 
(commuting with 0^,9) is introduced with g' = exp(— C^)- Next, we consider the double 
mode squeezing operator 

k,„ K,] [K,'X,'] = exp (y [(a.' - a.^') - (/?.' - (3.^^)]) (22) 

We observe that the right hand side of Eq.(22) is an SU{1, 1) group element. In fact, by 
using the linear canonical transformations 

A. = (-^)(«« + /?,), B^ = (-L)(a,-/3,) (23) 

we have [{a^^ -a^^^)-{(3^^ - pj^)] = -{AJbJ-A^B^) = -{J+-J-) , which together 
with J3 = |(Ak Ak + BJBi^ + 1) close the sm(1, 1) algebra. 

By setting Ck = F^t, Eq. (22) leads to nothing but the time evolution operator associated 
to the hamiltonian Tij (cf.eq.(2)): 

-1— r ^ ^ 

'[[[afi,q,0'f^,g][bK,q',K,q'] = exp {-Hit) (24) 

thus recovering the QFT formalism of quantum dho0. 

We conclude that q-deformation turns out to be a powerful tool in the discussion of 
dissipative phenomena in QFT. We note that inequivalent representations \0{t) > are 
parametrized by the q-deformation parameter through the time dependence of C{t). By 
recalling that the representation \0{t) > for the dho has been shown 0-0 to be the same 
as the TFD|T^ representation |0(/?(t)) >, we also recognize the strict relation between 



q-WH algebra and finite temperature QFT. As a matter of fact, even independently 
of the above discussion of the dho quantization, the derivation of Eq.(22) holds in full 
generality and by setting C^ = ^niP) we see that the operator [0^,5, a^,,] [6^,9', &«,(?'] is 
indeed the generator of the Bogolubov transformations in conventional TFD[|1^: q-WH 
algebra thus appears as the natural candidate to study thermal field theories. 



A further relation which can be established! 11 1 is the one between q-WH algebra and 



the canonical quantization in curved space-time background, e.g. in the presence of 
classical gravitational background [0]. It is interesting to note that in such a case the 
q-deformation can be thought as induced by the gravitational background. 
The above remarks strongly suggest to us that q-deformations are mathematical struc- 
tures which are charateristic of basic, deep features of QFT. As a preliminary inves- 
tigation in this direction we have studied the relation of q-deformation with the von 
Neumann theorem in QM: we can show||13|| that in the infinite volume limit each one of 
the unitarily inequivalent representations of the ccr is associated with a given value of 
the q-deformation parameter of the q-WH algebra. 
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